Multiple numerical solutions of inviscid transonic flow over several airfoils exist at certain Mach number and angle of attack. Global linear stability analysis of the multiple solutions is conducted in this paper. Linear perturbation equations of the Euler equations around a steady-state solution are formed, an eigenvalue problem is then constructed using the modal analysis approach, then it is discretized using a numerical scheme that is similar to the JST scheme for the Euler equations. Only a small portion of the eigen spectrum is needed and thus can be found efficiently by using implicit restarted Arnoldi's algorithm. The eigenvalue that has the largest real part determines stability of the steady-state solution, the corresponding eigenmode can also be found. Multiple numerical solutions and their stability characteristics are studied for the Hafez airfoils with flat and wavy surfaces, original and modified NACA 0012 airfoil. For the Hafez airfoils, the numerical solutions and stability are consistent with previous studies in the literature, which suggest the validity of the present method. Analysis of the NACA 0012 airfoil indicates stability of symmetric solutions of the Euler equations at conditions where buffet is found from unsteady Navier-Stokes equations. Euler solutions of the same airfoil but modified to include the displacement thickness of the boundary layer computed from the Navier-Stokes equations, however, exhibit instability based on the present linear stability analysis. The asymmetry J78 airfoil exhibits different type of multiple solutions and stability mechanism.
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I. Introduction
Multiple numerical solutions for inviscid transonic flow over airfoils governed by the Euler equations were first found by Jameson 1 in certain Mach number and angle of attack range. The airfoils exhibitting nonunique solutions were the results of aggressive aerodynamic optimization. They have a nearly flat segment on the upper surface. Hafez and Guo 2 also found multiple solutions for their specially designed symmetric airfoils with either flat or wavy surfaces in the middle section. Jameson et al.
3 studied further the nonuniqueness by proposing other four different symmetric airfoils. Kuzmin 4 reviewed on the multiple numerical solutions for inviscid and viscous transonic flows thoroughly and discussed instability characteristics based on flow solutions.
Jameson, Hafez and Kuzmin all raised the question whether the multiple solutions are stable. Recently, the onset of shock buffet 5 is conjectured to be related to the stability of multiple solutions. This may shed new light in the mechanism of shock buffet phenomenon, that is, the instability of the inviscid external flow outside the boundary layer might be an important contributing factor in the shock wave/boundary-layer interaction. Previously, the stability of multiple solutions of Transonic Small-Disturbance (TSD) equation was studied by Williams 6 by using time accurate computations. Using a similar method, Caughey 7 studied the stability of multiple solutions of the Euler equations. for the Hafez airfoils. The unsteady computation requires long time integration to observe instability.
The present authors 8 analyzed the stability of multiple solutions of steady TSD equation by using the eigenvalue of the Jacobian matrix. The Jacobian matrix is formed by the finite-difference discretization of the TSD equation and analytical differentiation. However, TSD equation assumes that the flow is isentropic, it cannot describe transonic flow with strong shock wave, in which vorticity is important. The Euler equations is an approapriate model for inviscid transonic flow. A stability analysis can be performed using the solutions of the Euler equations. If the Jacobian matrix is to be formed by analytical differentiation of the discretized Euler equations, the method will be too complicate due to the complexity of numerical discretization, which usually contains artificial dissipation. Besides, the incorporation of wall and far field boundary conditions imposes another difficulty for the analytical derivation of the Jacobian matrix method.
Eriksson et al. 9 used numerical procedure to obtain the Jacobian matrix. The numerical differentiation is straightforward and the original flux computation subroutines can be used with minor modifications. More importantly, this method can be combined with Krylov subspace method for eigenvalue calculation with only several columns of Jacobian matrix being computed. This method is also used by Gómez et al. 10 for global stability analysis based on industrial aerodynamics codes for complex geometries. However, a small step parameter ǫ has to be used to perturb the steady-state solution. For flows considered here, the stability characteristics are sensitive to the choice of this parameter. Therefore, this method is not used in this paper.
Global stability analysis 11 played an important role in the study of transition from laminar to turbulent flow. The linear perturbation equations are derived first, by assuming the general solutions of the perturbations, an eigenvalue problem (EVP) can be formed. The linear stability can then be determined by the eigenvalues. The corresponding eigenvectors can be analyzed to reveal the important unsteady path. Crouch et. al 12 predicted the onset of turbulent flow unsteadiness using global linear stability analysis. In this paper, the global linear stability analysis is used to determine the stability of multiple numerical solutions of the Euler equations. First, the linear stability approach is described in detail. The perturbation equations are formed, then it is numerically discretized by a central-differencing scheme that is similar to the JST scheme. 13 The eigenvalue problem is formed and solved by ARPACK, 14 a small portion of eigenvalues that are close to the origin can be found efficiently. Then numerical solutions and stability analysis results are presented for flow over different airfoils at typical flight conditions, including Hafez airfoils with flat and wavy surfaces, original and modified NACA 0012 airfoil; and an asymmetric J78 airfoil, which only have two stable asymmetric solutions.
II. Methodology
II.A. Euler Equations and Linearized Perturbation Equations
The best mathematical model describing inviscid transonic flow is the Euler equations. The conservative form of the 2-D Euler equations in Cartesian coordinates are presented as follows
where Q is the conservative variable vector, F and G are the fluxes, they can be expressed as
ρ is density; u and v are velocities in x and y directions, respectively; p is pressure; E is the total energy and H is the total enthalpy. For an ideal gas, they are defined as
where γ = 1.4 is the ratio of specific heats for air. Wall boundary condition for the Euler equations is that the normal velocity is 0. For inviscid transonic flow over airfoils, steady-state solutions of the Euler equations can be found numerically, then stability of the solution can be analyzed based on the linearized perturbation equations. To derive the perturbation equations, we define a solution vector q using primitive variables,
It can be decomposed as q =q + q
q is the steady-state solution to the Euler equations and q ′ is the perturbation. The perturbation equations can be obtained by substituting q into the Euler equations, canceling the terms governingq and dropping higher order terms of q ′ . Using the perturbation variables, they can be written as
The above equations can be re-written in the operator form as
where M is the transformation matrix between conservative and primitive variables, Nq is the differential operator on the perturbation varaibles q ′ . Matrix M has the following form
Its inverse matrix, which will be used in the numerical discretization, has the following expression
The boundary conditions for Eq. (7) are crucial to stability analysis. At the wall boundary, we have
for the Euler equations, where n x and n y are the components of the normal vector at the airfoil surface. So for perturbation equations, the following condition
at the wall has to be satisfied.
II.B. The modal approach
The modal approach assumes that the general solution to the perturbation equations has the form
whereq represents the mode shape, ξ = σ + iω is most likely a complex number, its real part σ is the growth rate, its imaginary part ω is the frequency of motion. If the largest σ is positive, then the solutionq is unstable. Substitute the general solution to the perturbation equation Eq. (7), we can get
where L is an operator onq. The RHS of the above equation has the following form
where
and
For inviscid transonic flow over airfoils, only numerical solutions are available. So Eq. (13) also requires numerical discretization to make use of the steady-state solution to the Euler equations. It will be presented in detail in the next section.
II.C. Numerical discretization
The spatial discretization of Eq. (13) utilizes a similar scheme as that of JST scheme.
13 Finite-volume method is applied on the integral form of Eq. (13), central difference scheme together with 2nd-and 4th-order artificial dissipation are used for fluxes. The coefficients for artificial dissipation are the same as in the computation of the Euler equations to avoid additional ad-hoc parameters.
The discretized RHS of Eq. (13) can be written as
The fluxF can be expressed bȳ
where Ω is the cell volume. Various numerical schemes for the convective flux computation can be applied here. Crouch et al. 12 used Roe's flux-difference scheme. In this paper, JST scheme 13 is used, which is also implemented in the Euler Solver FLO52, the flux terms in the above equation are evaluated using simple average of two cell values adjacent to the cell interface. However, explicit artificial dissipation terms has to be added for numerical stability. From present authors' perspective, the stability conclusion should be independent of the numerical scheme used to evaluate L D , as long as the numerical scheme used in the solution of the Euler equations is proven to be stable numerically. However, this is a subject that needs to be investigated in the future.
The artificial dissipation implemented in this paper is described in detail here. For cell (i, j), where i and j are the indices in the grid definition,
At cell interface (i + 1 2 , j), we have
As shown in the above equations, the "conservative" perturbation variables are used to construct the artificial dissipation, which is consistent with the original JST scheme. α (2) and α (4) are the coefficients used in the original JST scheme for the solution of the Euler equations.
The boundary conditions for Eq. (13) can be derived by using those of the Euler equations together with Eq. (6) and linearizing. Assume the cell number in the computation is NX × NY, in the present program, we use the indices 2 to NI = NX+1 in the I−direction to denote the cells participating in the computation. Index 1 and NI2 = NI + 1 represent two boundary nodes in I−direction, while 1 and NJ2 are used in J−direction. At the wall boundary, the numerical representation of Eq. (11) can be expressed using ghost cell j = 1 as followingρ
Far field boundary conditions for the computation of the Euler equations in the present program are implemented using 1−D Riemann invariants. The flow variables in the Riemann invariants expression can be replaced by steady-state solution and perturbation, then the steady-state relations can be subtracted, after linearization, the expression of far field boundary conditions for perturbation variables can be obtained. Using k x and k y denote the components of normal vector at the outer boundary, Riemann invariants for the perturbation variables areÎ
(25)
(26)
For the inflow boundary,Î 2 =Î 3 =Î 4 = 0 and ∂Î1 ∂n = 0 are applied; while for the outflow boundary, the conditions are thatÎ 1 = 0 and normal gradient ofÎ 2 ,Î 3 andÎ 4 are 0.
II.D. The eigenvalue problem (EVP)
The incorporation of boundary conditions is an important step in the construction of the eigenvalue problem. A procedure described in Crouch et al.
12 is applied in this paper. First a global solution vector for the perturbation variables can be defined aŝ
A generalized eigenvalue problem (EVP) can then be expressed as
Matrix S is the result of numerical discretization of RHS of Eq. (13), its dimension is 4 × NI2 × NJ2. All the elements except the diagonal terms are 0 for matrix T. The diagonal term that corresponds to grid indices i = 2, 3, . . . , NI, j = 2, 3, . . . , NJ equal to 1; while the terms corresponding to any boundary node, i = 1, i = NI2, j = 1 or j = NJ2, equal to 0. The dimension of global matrix can be calculated as follows, if 160 × 32 mesh is used in the computation, then NI = 161, NJ = 33, the dimensions of S and T are 4 × 162 × 34 = 22032. The computation stencil for the numerical scheme used in this paper is 9, so matrix S is an asymmetric, sparse matrix, only 9 terms are nonzero on each line except those lines correspond to the boundary nodes. The straightforward means of solving the EVP can be done by using LAPACK routines for eigenvalue problems. However, the computational resource is not affordable for such large matrices. ARPACK 14 is a software package that implements implicit restarted Arnoldi's algorithm, by which a small portion of the eigenspectrum can be computed efficiently.
For the purpose of present paper, only eigenvalues that have large real part are interested. The eigenvalues which have largest real parts generally cluster near the origin in the complex plane. The shift-invert mode of ARPACK is particularly suitable for this kind of task. The original eigenvalues can be shifted using the origin as the reference; then they are inversed. Those eigenvalues originally near the origin will have the largest magnitude and they can be easily found by using Arnold's algorithm. A few eigenvalues, typically 20, can be found near the origin in the complex plane. If the largest real part of the eigenvalue is positive, then the solution can be considered to be unstable, which means the solution will move away under small perturbations. The imaginary part gives the frequency of the motion.
III. Results and Discussion
Inviscid transonic flow over several typical airfoils exhibitting non-unique solutions are considered here. Both the flow solutions and stability analysis results are presented. The computations are performed by using Jameson's FLO52 code, which is a finite-volume Euler solver using JST scheme, O-type grids are used in all the computations. The residual for the steady computation is at least 10 −12 in order to be considered as a converged solution.
III.A. Hafez airfoil with wavy surface
Hafez airfoil with flat or wavy surface in the middle section are defined as follows
The airfoil has a nearly parabolic leading edge to x 1 = 0.25, then connected by flat or wavy surfaces. τ 1 is set to be 0.06 to have 12% thickness in the middle of the airfoil. τ 2 = 0 represents flat surface in the middle section, while τ 2 = 0.0025 represents wavy surface. The airfoil is closed by an S-shape transition from x 2 = 0.75 to 1 to have a cusp trailing edge. Other parameters in the geometrical definition are ω = 4π and φ = −5π/2.
The flow solutions and stability characteristics are studied by Caughey.
7 Time-accurate computations are performed which requires long time integration for stability analysis. In the present paper, Hafez airfoil with wavy surface is first investigated. The Mach number contours and pressure coefficient distribution at M ∞ = 0.84, α = 0
• are shown in figures 1(a) and 1(b), respectively. A 384 × 64 mesh is used for comparison with results in reference. 7 The pressure coefficient distributions match very well with the results in reference.
7
Based on the steady state solution, global linear stability analysis is performed. The eigenvalue that has the largest real part is λ = −0.000832 ± 0.00145i, which shows the solution is stable. The conclusion is the same as in reference. 7 The least stable eigenmode is shown in figure 2 , it is plotted using the real part ofû. The mode shape is symmetric in the upper and bottom surface and the value is large near the shock wave. Present Caughey [7] (b) Pressure coefficient distribution • as the initial condition. There exists another asymmetric solution which is the mirror image of figure 3(b) .
Stability analysis of both the symmetric and asymmetric solutions are performed. For the symmetric solution, the eigenvalue that has the largest real part is λ = 0.00257, which suggests that the symmetric solution is unstable. The corresponding eigenmode is shown in figure 4(a) 
For the asymmetric solution, the eigenvalues that have the largest real part are a conjugate pair, λ = −0.000818 ± 0.00382i, the asymmetric solution is stable. The corresponding eigenmode is shown in figure 4(b) . The perturbation pattern shows a tendency to move back to the symmetric solution as the perturbations are largest in the shock wave that has moved away compared to the symmetric solution. • is studied by the stability analysis here. The Mach number contours are shown is figure 5(a) , only one symmetric solution exists under this condition. The stability analysis performed based on this solution gives the eigenvalue that has the largest real part λ = −0.00244 ± 0.00508i, which means that this solution is stable. Figure 5(b) shows the least stable eigenmode. Again the real part ofû has large values near the shock waves.
Although the NACA 0012 airfoil does not exhibit non-unique solutions, the modified airfoil, which includes the dispacement thickness of the boundary layer taken from the Navier-Stokes computation at M ∞ = 0.86, has non-unique solutions. The geometries of the original and the modified airfoils are shown in figure 6(a) . The boundary layer thickness is calculated based on the time-averaged solution of unsteady Navier-Stokes computations with a turbulence models. 5 The modified airfoil is closed by an S-shaped transition to 1.05 chord length to ensure a cusped trailing edge. The transition is achieved by a sine curve that is similar to Hafez airfoils, it can also ensures the continuity at the open end of the modified airfoil.
The Mach number contours of the flow over the modified NACA 0012 airfoil at M ∞ = 0.85, α = 0 • with cusped trailing edge is shown in figure 6(c) . Supersonic regions can be observed at the middle of the airfoil and the trailing edge. The stability analysis is performed based on this symmetric solution. The eigenvalue that has the largest real part is λ = 0.00450, which suggests that the symmetric solution is unstable. The unstable eigenmode is shown in figure 6(d) , it is similar to that of Hafez airfoil with flat surface. The symmetric solution is unstable and the perturbations have the tendency to switch to an asymmetric solution.
The Mach number contours of the asymmetric solution for the modified NACA 0012 airfoil at the same flight condition are shown in figure 7(a) . Stability analysis shows that the eigenvalue that has the largest real part is λ = −0.000713 ± 0.00355i, which suggests that this asymmetric solution is stable. The least stable eigenmode is shown in figure 7(b) . The eigenmode shows that perturbations are large near the shock wave at the lower surface. 4 proposed two different types of instability of multiple solutions: the first one is the rupture/coalescence of supersonic regions, the flow over the J78 airfoil is an example; the other one is abrupt change of shock wave positions. The airfoils studied in the previous sections, we believe, fall into the second catogery. The stability analysis conducted in Section III.B-III.C show the unstable eigenmode, which is asymmetric on the upper and lower surface. The unstable symmetric solution tends to move to an asymmetric solution.
Stability analysis of the two solutions at α = −0.42
• shows that they are both stable. The corresponding least stable eigenmodes are given in figure 9 . In the angle of attack α range where two solutions exist for each each α, it is conjectured, if we draw any similarity between this case and that of the NACA 0012 airfoil, that there might be another steady-state solution in between the two solutions shown in figure 8(c) . However, we are unable to find such a solution in our numerical computation. 
IV. Conclusion
In this paper we confirmed the existence of multiple steady-state numerical solutions of the Euler equations at transonic speeds (J78 and Hafez airfoils), usually a symmetric and two asymmetric solutions at the same flight condition. A global stability analysis based on the linearized perturbation equations is performed on the typical multiple solutions. The symmetric solution are found to be unstable with an asymmetric mode shape; the asymmetric solutions are stable. The original NACA 0012 airfoil does not exhibit multiple solutions. However, when modified to include the boundary-layer displacement thickness at a condition where shock buffet can be observed through the use of the Navier-Stokes equations, the same airfoil exhibits multiple numerical solutions of the Euler equations.
